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ABSTRACT 

We show explicitly that the two recently proposed actions for the 
type IIB superstring propagating on AdS's x S 5 agree completely. 
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In the last period there has been quite a lot of activity in finding the GS 
action for a type IIB string propagating on AdS^ x S '5 , this has resulted in two 
proposals which are apparently different. 

It is purpose of this letter to show that they are exactly the same thus 
clarifying some doubts. 

The first proposed action (|Q) reads 


S = fd^^^g-^x 

{vpg^ [do.xP + f [dffx’i + f 

1 dc^pdup 4 .C da,z'dgz^ f 
(i-z-zyz I 

-^p [dd^^cr2d0*^7jjy(z)r/cM(z)+d0'^f72ddMvf(z)v^(z)] ( 1 ) 

and it was obtained using the supersolvable algebra tecnique (|^) while the 
other ( 0 |i 0 ]|iil) reads 


S = -^ J d?£, [daxP + 2 i {dgXp + 2 i dVpdisO^ + j^day^dgyt 


+4fe“^ day* dTtdgd 


( 2 ) 


Let us now specify the notations and spell out the differences of the two actions. 
The first thing to notice and the most trivial is that the first one uses a mostly 
minus metric while the second one uses a mostly plus metric. Second the indeces 
run as follows p,q,... = 0,...,3, = 5,...,9 , t,u,... = 4,... ,9 because 

the first one uses horospherical coordinates {x^, p} on AdS^ and projective {z*} 
coordinates on S '5 while the second one uses cartesian coordinates {x^, y*}. But 
the most striking difference is in the fermionic sector: the fermionic coordinates 
in ( 1^ 0Ar are a set of iV = 4 Weyl spinor in D = 4 (or that is the same half a 
spinor in G = 5 : this is the effect of fixing the k symmetry on AdS ^\4 ) while 
the ones used in (^) 9 are a Majorana -Weyl spinor in I? = 10 . In addition 
to this in ([^) enter the c-number Killing spinors on S 5 and their conjugate 
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— C^5Vn l^hich satisfy the equation 

Dso{b)V^ ={d- = -^nrj^E^ 

In order to compare the two actions we need the explicit form of these Killing 
spinors; this is not too hard to obtain with the help of the ansatz 

= [a{z^) + b{z^) zVi) 

where are constant spinors. The result i^ 


Vc = \ ^2 (1 + ^*"^0 

^ We use the following lOD F representation in terms of the AdSs, 7“ matrices and of the 
corresponding S5 r® matrices 

pa _ 0 0 ^ I4 ® r® ® ( — 0-2)} 

with a, 6,... = 0 ... 9 , a, 6,. .. = 0 ... 4 and = 5 ... 9. 

And we write the lOD charge conjugation as 

C = C (S) C5 ® (T2 

where C , C5 are the AdSs and S5 charge conjugation matrices. 

All C .s , , C^^T® are antisymmetric while C^^F®* are symmetric. 

Moreover we use the following (1+4)D 7 explicit representation 

with p,g,... = 0 .. . 3 , o-p = {I2, —ci, —(T2, —0-3} and dp = {I2, cri, (72, 0-3} 
and the following 5D t 

T 5 = *70 T6,...,9 = 71,...,4 C5 = C 

® Our conventions for the S5 coset manifold with the Killing induced metric, i.e. negative 
definite, are 


dE® - ■uu^jE^ = 0 

dro®-*' - ro®'®rojf' = e^E^E^ 

where all the potentials depend on the coordinate z. Explicitly we have ( = rjijz’'z^ = 

-Sijz'z^ ) 


E® 


m 


ij 


2 dz' 
e 1 — z^ 
4z[®rf2fl 

1 - z2 
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with in order to satisfy the normalisation condition ri\jri^ = 5^\ 

we can therefore choose the normalisation = 5^ {a is the AD spinor index). 
When we insert this expression in (|^) we get 


{vpg^ [daxP + f - d^d^^aPe^)] [d^x’i + f - O/sd^^d^M)] 

1 dc^pdup 4 jc da,z'dgz^ ) 

^ p 2 -SIO^J ( 1 _^ 2)2 J 


J_„ 1 + 2 ^ 

4eC nrp- 


d0^^a2d9*^ elrCseM + dela 2 d 0 M 


4e 




d0^^a2d0*^ elyT^Cse)^ - d0%a2d0M e^^C's Vie^ 


The comparison between the two bosonic kinetic terms and the two WZ terms 
suggests the following change of variables 


4 1 + Z 

y = p 


y = p 


1 -Z 2 


(4) 


In this way the bosonic part of the two actions (|^ and (||) agrees perfectly; in 
particular we get: 

dy"^ dp^ ^ dz'^ 

IF ~ 1 F~^ f 

We are left with the task of making a lOD Majorana-Weyl spinor 0 out of 4 
AD Weyl spinors 0n and 4 constant 5D spinors . To this purpose we notice 
that with our conventions the following lOD spinor is Majorana-Weyl for all the 
AD spinors an '■ 


^MW = 


O 20 t 


UN 

^bNM 
0l6 




We can now compute all the relevant two fermions currents Qmw ir“ 0 MW 2 
using the explicit expression for cn explictly: 


0 Miyir^0MW2 = Oi^cr^ 


tw~p 

1 rr^ r 


cr^aiV 2 — 0^2 ^ ^N 1 


0MWir"‘0MW2 = i FF a2a2^''^ e^j^C5e*j^ — i aj^ ia20'M2 " C, 


M J 


TN^-l^M 


0MWir*0MW2 = —^o;Fa2a2^^^el^T^C5€'^ — iajf]^a2aM2£ 


,*M t 


,T N /^—l _i 
Or T e 


In order to make the WZ term to agree we have to set aN = ' 

explicitly 
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e = 


2V2 


On 

e~^ I V —i cF 2 d*^ C^nm 
O16 


With this substitution our action (|I|) becomes 



( 5 ) 




0.0 


y 

77 


daxP + 2 ie ^TPdaO 


) («« 


Xr, + 2 ie i?r. 


,df3tj 




- 4 | 2 /‘ dOTtdO 


which coincides with (^) exactly after performing an integration by part of the 
WZ term, thus proving the exact equivalence of the two proposed actions (at 
least on a word sheet without holes). 
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